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Proton Transfer in Condensed Phase



Proton Tunneling

𝑉𝑐𝑙 𝑅 = 0.5 𝑀 𝜔2𝑅2 𝑉𝑄𝑀 𝑟 = −0.5𝑎0𝑟
2 + 0.25𝑐0𝑟

4

𝑉𝑐𝑜𝑢𝑝 𝑟, 𝑅 = −𝑘 𝑟 𝑅

A-H --- B
𝑟

𝑅

J. Morelli, S. Hammes-Schiffer, Chem. Phys. Lett. 269, 161 (1997)



Proton Tunneling

A-H --- B
𝑟

𝑅

𝑅 = −0.22Å

𝑅 = 0 Å

𝑅 = +0.22Å

J. Morelli, S. Hammes-Schiffer, Chem. Phys. Lett. 269, 161 (1997)

𝑉𝑐𝑙 𝑅 = 0.5 𝑀 𝜔2𝑅2 𝑉𝑄𝑀 𝑟 = −0.5𝑎0𝑟
2 + 0.25𝑐0𝑟

4

𝑉𝑐𝑜𝑢𝑝 𝑟, 𝑅 = −𝑘 𝑟 𝑅



Adiabatic Surfaces

A-H --- B
𝑟

𝑅

J. Morelli, S. Hammes-Schiffer, Chem. Phys. Lett. 269, 161 (1997)

𝑉𝑐𝑙 𝑅 = 0.5 𝑀 𝜔2𝑅2 𝑉𝑄𝑀 𝑟 = −0.5𝑎0𝑟
2 + 0.25𝑐0𝑟

4

𝑉𝑐𝑜𝑢𝑝 𝑟, 𝑅 = −𝑘 𝑟 𝑅

General concepts: Hynes, Borgis



Surface Hopping

In Telluride Back Home



Surface Hopping

Dominik Marx

In Telluride Back Home

Key Idea: Replace wave packets with classical trajectories.
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Hamiltonian

𝐻 = 𝐻𝑐𝑙 𝑅 + 𝐻𝑄𝑀 𝑟 + 𝑉𝑐𝑜𝑢𝑝 𝑟, 𝑅

𝐻𝑐𝑙 𝑅 = 𝑇𝑐𝑙 + 𝑉𝑐𝑙 𝑅
𝐻𝑄𝑀 𝑟 = 𝑇𝑄𝑀 + 𝑉𝑄𝑀 𝑟

Slow Fast Problem

State of the system : 
𝑅(𝑡), 𝑃(𝑡), 𝜓𝑄𝑀(r, t)



Adiabatic Representation

𝐻𝑎𝑑 = 𝑉𝑐𝑙 𝑅 + 𝐻𝑄𝑀 + 𝑉𝑐𝑜𝑢𝑝(𝑟; 𝑅)

𝐻𝑎𝑑 𝜙𝑖 𝑟; 𝑅 = 𝐸𝑖 𝑅 𝜙𝑖(𝑟; 𝑅)

𝐸𝑖 𝑅 = 𝐴𝑑𝑖𝑎𝑏𝑎𝑡𝑖𝑐 𝐸𝑛𝑒𝑟𝑔𝑦 𝑆𝑢𝑟𝑓𝑎𝑐𝑒𝑠
𝑖 = 0 ∶ 𝐵𝑜𝑟𝑛 𝑂𝑝𝑝𝑒𝑛ℎ𝑒𝑖𝑚𝑒𝑟 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛



Molecular Dynamics

 𝑃 = −
𝜕𝐸0(𝑅)

𝜕𝑅

• Misses effect of excited energy surfaces.

𝜓𝑄𝑀(𝑟, 𝑡) = 𝜙0 𝑟; 𝑅 𝑡 𝑒
−𝑖𝐸0(𝑅)𝑡

ℏ

 𝑅 = 𝑃/𝑚

Simple Approach



Ehrenfest Dynamics

 𝑃 = −
𝜕 < 𝜓 𝐻𝑎𝑑 𝜓 >𝑟

𝜕𝑅

Mean field approximation

𝜓(𝑟, 𝑡) = 

𝑗

𝑐𝑗(𝑡)𝜙𝑗(𝑟; 𝑅(𝑡))

 𝑅 = 𝑃/𝑚

𝑖ℏ  𝑐𝑘 = 

𝑗

𝑐𝑗(𝑉𝑘𝑗 − 𝑖ℏ  𝑹. 𝒅𝒌𝒋)
Vkj = ∫ 𝑑𝑟 𝜙𝑘𝐻𝑎𝑑𝜙𝑗 = 𝐸𝑘δ𝑘𝑗

𝒅𝒌𝒋 = ∫ 𝑑𝑟 𝜙𝑘𝜵𝑹𝜙𝑗



Limitation of E.D.

J. C. Tully, J. Chem. Phys. 93, 1061 (1990)

Mean Field Dynamics



Limitation of E.D.
Mean Field Dynamics



Limitation of E.D.
No microreversibility



Surface Hopping

Dominik Marx

In Telluride Back Home

Key Idea: Replace wave packets with classical trajectories.



Surface Hopping

 𝑃 = −
𝜕𝐸𝑘(𝑅)

𝜕𝑅

 𝑅 = 𝑃/𝑚

𝑖ℏ  𝑐𝑘 = 

𝑗

𝑐𝑗(𝑉𝑘𝑗 − 𝑖ℏ  𝑹. 𝒅𝒌𝒋)
Vkj = ∫ 𝑑𝑟 𝜙𝑘𝐻𝑎𝑑𝜙𝑗 = 𝐸𝑘δ𝑘𝑗

𝒅𝒌𝒋 = ∫ 𝑑𝑟 𝜙𝑘𝜵𝑹𝜙𝑗

Trajectories hopping to/from state k, s.t.
 𝑁𝑘 =  𝑐𝑘

2 *

* Approximately true due to frustrated hops

𝜓(𝑟, 𝑡) = 

𝑗

𝑐𝑗(𝑡)𝜙𝑗(𝑟; 𝑅(𝑡))



Hopping Mechanism

𝑏𝑘𝑘′ = 2ℏ−1𝐼𝑚 𝑎𝑘𝑘′
∗ 𝑉𝑘𝑘′ − 2𝑅𝑒(𝑎𝑘𝑘′

∗  𝑹. 𝒅𝒌𝒌′)

At time t, fraction of trajectories in state k = 𝑎𝑘𝑘

At time t+dt, fraction of trajectories in state 

Probability of ‘hopping’ from state k = -
 𝑎𝑘𝑘𝑑𝑡

𝑎𝑘𝑘
=

 
𝑘′≠𝑘

𝑏
𝑘′𝑘

𝑑𝑡

𝑎𝑘𝑘

Probability of ‘hopping’ from state k to state k’ = 
𝑏
𝑘′𝑘

𝑑𝑡

𝑎𝑘𝑘

J. C. Tully, J. Chem. Phys. 93, 1061 (1990)

Defining 𝑎𝑘𝑗 = 𝑐𝑘𝑐𝑗
∗

𝑘 = 𝑎𝑘𝑘 +  𝑎𝑘𝑘𝑑𝑡





kk

kkkk ba



Hopping Mechanism

Rate of ‘hopping’ from state k to state k’ =
(𝑎

𝑘𝑘′
∗ +𝑎

𝑘𝑘′
)

𝑎𝑘𝑘
 𝑹. 𝒅𝒌𝒌′

J. C. Tully, J. Chem. Phys. 93, 1061 (1990)

• Rate  𝑎𝑘𝑘′
• Rate   𝑹
• Rate  𝒅𝒌𝒌′



Energy Conservation

Direction of Force during hop=𝒅𝒌𝒌′
< 𝜙𝑘 𝜵𝑹𝐻 𝜙𝑘′ >𝑟= − 𝐸𝑘′ − 𝐸𝑘 𝒅𝒌′𝒌

𝑷′ = 𝑷 − γ𝑘′𝑘𝒅𝒌′𝒌, s.t.

 

𝑖

𝑃𝑖
′2

2𝑚𝑖
+ 𝐸𝑘′ = 

𝑖

𝑃𝑖
2

2𝑚𝑖
+ 𝐸𝑘

If γ complex, frustrated hop (no hop takes place)



Limitations of S.H.

• Artificial coherence

• Discontinuous change of velocity during hop

• All nuclear d.o.f. treated same during hop (γ independent of 
nuclei)

• Frustrated hops

• Multiple hops



Proton Tunneling

𝑉𝑐𝑙 𝑅 = 0.5 𝑀 𝜔2𝑅2 𝑉𝑄𝑀 𝑟 = −0.5𝑎0𝑟
2 + 0.25𝑐0𝑟

4

𝑉𝑐𝑜𝑢𝑝 𝑟, 𝑅 = −𝑘 𝑟 𝑅

A-H --- B
𝑟

𝑅

J. Morelli, S. Hammes-Schiffer, Chem. Phys. Lett. 269, 161 (1997)



Proton Tunneling

A-H --- B
𝑟

𝑅

𝑅 = −0.22Å

𝑅 = 0 Å

𝑅 = +0.22Å

J. Morelli, S. Hammes-Schiffer, Chem. Phys. Lett. 269, 161 (1997)

𝑉𝑐𝑙 𝑅 = 0.5 𝑀 𝜔2𝑅2 𝑉𝑄𝑀 𝑟 = −0.5𝑎0𝑟
2 + 0.25𝑐0𝑟

4

𝑉𝑐𝑜𝑢𝑝 𝑟, 𝑅 = −𝑘 𝑟 𝑅



Adiabatic Surfaces

A-H --- B
𝑟

𝑅

J. Morelli, S. Hammes-Schiffer, Chem. Phys. Lett. 269, 161 (1997)

𝑉𝑐𝑙 𝑅 = 0.5 𝑀 𝜔2𝑅2 𝑉𝑄𝑀 𝑟 = −0.5𝑎0𝑟
2 + 0.25𝑐0𝑟

4

𝑉𝑐𝑜𝑢𝑝 𝑟, 𝑅 = −𝑘 𝑟 𝑅



Trajectory

A-H --- B
𝑟

𝑅

T=250 fsSecond 
HOP

First 
HOP

J. Morelli, S. Hammes-Schiffer, Chem. Phys. Lett. 269, 161 (1997)

𝑉𝑐𝑙 𝑅 = 0.5 𝑀 𝜔2𝑅2 𝑉𝑄𝑀 𝑟 = −0.5𝑎0𝑟
2 + 0.25𝑐0𝑟

4

𝑉𝑐𝑜𝑢𝑝 𝑟, 𝑅 = −𝑘 𝑟 𝑅



Trajectory

A-H --- B
𝑟

𝑅

T=0 fs

J. Morelli, S. Hammes-Schiffer, Chem. Phys. Lett. 269, 161 (1997)

𝑉𝑐𝑙 𝑅 = 0.5 𝑀 𝜔2𝑅2 𝑉𝑄𝑀 𝑟 = −0.5𝑎0𝑟
2 + 0.25𝑐0𝑟

4

𝑉𝑐𝑜𝑢𝑝 𝑟, 𝑅 = −𝑘 𝑟 𝑅



Trajectory

A-H --- B
𝑟

𝑅

T=20 fs

J. Morelli, S. Hammes-Schiffer, Chem. Phys. Lett. 269, 161 (1997)

𝑉𝑐𝑙 𝑅 = 0.5 𝑀 𝜔2𝑅2 𝑉𝑄𝑀 𝑟 = −0.5𝑎0𝑟
2 + 0.25𝑐0𝑟

4

𝑉𝑐𝑜𝑢𝑝 𝑟, 𝑅 = −𝑘 𝑟 𝑅



Trajectory

A-H --- B
𝑟

𝑅

T=50 fs

J. Morelli, S. Hammes-Schiffer, Chem. Phys. Lett. 269, 161 (1997)

𝑉𝑐𝑙 𝑅 = 0.5 𝑀 𝜔2𝑅2 𝑉𝑄𝑀 𝑟 = −0.5𝑎0𝑟
2 + 0.25𝑐0𝑟

4

𝑉𝑐𝑜𝑢𝑝 𝑟, 𝑅 = −𝑘 𝑟 𝑅



Trajectory

A-H --- B
𝑟

𝑅

T=100 fs

J. Morelli, S. Hammes-Schiffer, Chem. Phys. Lett. 269, 161 (1997)

𝑉𝑐𝑙 𝑅 = 0.5 𝑀 𝜔2𝑅2 𝑉𝑄𝑀 𝑟 = −0.5𝑎0𝑟
2 + 0.25𝑐0𝑟

4

𝑉𝑐𝑜𝑢𝑝 𝑟, 𝑅 = −𝑘 𝑟 𝑅



Trajectory

A-H --- B
𝑟

𝑅

T=150 fs

J. Morelli, S. Hammes-Schiffer, Chem. Phys. Lett. 269, 161 (1997)

𝑉𝑐𝑙 𝑅 = 0.5 𝑀 𝜔2𝑅2 𝑉𝑄𝑀 𝑟 = −0.5𝑎0𝑟
2 + 0.25𝑐0𝑟

4

𝑉𝑐𝑜𝑢𝑝 𝑟, 𝑅 = −𝑘 𝑟 𝑅



Comparison to full Q.M.

A-H --- B
𝑟

𝑅

J. Morelli, S. Hammes-Schiffer, Chem. Phys. Lett. 269, 161 (1997)

𝑉𝑐𝑙 𝑅 = 0.5 𝑀 𝜔2𝑅2 𝑉𝑄𝑀 𝑟 = −0.5𝑎0𝑟
2 + 0.25𝑐0𝑟

4

𝑉𝑐𝑜𝑢𝑝 𝑟, 𝑅 = −𝑘 𝑟 𝑅

L1 R1

L2 R2



Alternatives to S.H.

• Instanton Trajectory

– J. P. Sethna, Phys. Rev. B 24, 698 (1981)

• Initial Value Representation

– W. H. Miller, J. Phys. Chem. A. 105, 2942 (2001)

• Ring Polymer Molecular Dynamics

– I. R. Craig, D. E. Manolopoulos, J. Chem. Phys. 121, 3368 
(2004)

• Semiclassical Tunneling

– N. Makri, W. H. Miller, J. Chem. Phys. 91, 4026 (1989)

• Ab Initio Multiple Spawning

– M. Ben-Nun, T. Martinez, J. Chem. Phys. 108, 7244 (1998)



TDSCF

 //)()()(   iti eeyx 

 Ht
i






//   ii

t
i eHe 



TDSCF

   Htt
i  
 ][][

   Htt
i  
 ]

   Htt
i  
 ]





//   ii

t
i eHe 



TDSCF

   Htt
i  
 ]

   Htt
i  
 ]

 t
i

t
i  

Set

 Ht
i 

 Ht
i 

Using these equations solve for 



TDSCF                            MCTDSCF

 Ht
i


 









22

11





Rows correspond to different electronic 
states. The i and i correspond to the 
system and bath in this example



Think Pair Share

There are several possiblilities for the normalizing 

.  Which one do you prefer?

1|| 2211  ;1|| 2211  

1|| 2211  ;1|| 2211  

1|| 2211  ;1|| 2211  

1|| 2211  ;1|| 2211  

a)

b)

c)

d)

2211  



 Ht
i
 










22

11
































22

11

2221

1211

22

11









HH

HH
t

i


21122111111  HHt
i 

 Ht
i 

22222122112  HHt
i 

 Ht
i 

TDSCF                            MCTDSCF







Q/C TDSCF
The mixed quantum/classical scheme is obtained by taking the 
classical limit of the equation in the R mode.  This gives

where the V2
eff (R,t) is the same a before but V1

eff(r,t) is now 
constructed as a weighted sum over the classical trajectories.
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The Model

A model of double proton tunneling in formic acid dimer 
is developed using a reaction surface Hamiltonian. 

The surface includes the symmetric OH stretch plus the in-
plane stretch and bend inter-dimer vibrations.  

The surface Hamiltonian is coupled to a bath of the 
remaining in-plane normal modes (except CH stretches)
obtained at the D2h transition state structure.



Important motions

Q1

Q4

Q6

These modes are 3 of the
TS normal modes



Think-Pair-Share Q

The relative importance of excitation of fundamentals of modes 1, 4, 
and 6 on increasing the tunneling splitting is
A. 1>4>6
B. 6>4>1
C. 1>6>4
D. I don’t know.



Goal is to solve for the 
eigenfunctions of these 

3 dimensions.





Diabatic Approach



The OH Stretch Surface









Think-Pair-Share Q

The relative importance of excitation of fundamentals of modes 1, 4, 
and 6 on increasing the tunneling splitting is
A. 1>4>6
B. 6>4>1
C. 1>6>4
D. I still don’t know.







Select eigenvalues for the RS Hamiltonian obtained with 
the {4,40} basis

Mil’nikov et al., J. Chem. Phys. 2005, 123, 074308.



Conclusion

• Using DVR combined with diabatic wave 
functions provides an efficient way to 
calculate and interpret tunneling splittings.

• Mode 4 has the same role as the solvent.


