
Statistical Mechanics Exercises, Part 2

1. Consider a variant of the Ising model in which all spins interact with all other spins (not just their
nearest neighbors). In particular, this problem will examine a system with energy

U({si}) = −
J
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N
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N
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where thesi variables take on possible values of±1.

(i) Why must we replace the exchange coupling constantJ of the standard Ising model withJ/N?
To answer this question, begin by computing the ground stateenergyE0 for h = 0.

(ii) Show that the Boltzmann factor for a given spin configuration can be written in the form

e−βU =

√

βJN

2π

∫ ∞

−∞
dy exp[−βJNy2/2 + βJMy + βhM ],

whereM =
∑

i si is the net magnetization.

(iii) With this result, show that the partition function

Q =
∑

{si}

e−βU

can be written as

Q =

√

βJN

2π

∫ ∞

−∞
dy e−NI(y), (1)

where

I(y) =
1

2
βJy2 − ln[2 cosh(βh + βJy)]

(iv) This recasting suggests that we think of the continuousintegration variabley as an effective
degree of freedom whose fluctuations are governed by an energy Eeff(y) = kBT NI(y). Show that
the average magnetization per spin,m = 〈M〉/N , of the original system can be obtained by the
average

m = 〈tanh(βh + βJy)〉eff

over effective fluctuations iny weighted byexp(−βEeff).

(v) Argue that, in the limitN → ∞, only a single valuey = y∗(βh, βJ) contributes meaningfully to
the integral in Eq. 1. Write an equation (involvingy, βh, andβJ) determining this value. Together
with your answer to part (iv), this result should bring to mind the mean field theory we developed in
lecture.

(vi) Mean field theory thus appears to be exact for a model withinteractions spanning an infinite
range. Offer a physical explanation for this result.

2. Consider a solution containingN+ = ρ̄+V ions of chargeq andN− = ρ̄−V ions of charge−q,
within a volumeV of solvent with dielectric constantǫ.

(i) Show that the average potential energy due to Coulomb interactions among these ions can be
written

〈U〉 =
1

2
(N+〈u+〉 + N−〈u−〉),
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where〈u+〉 is the average total energy of interactions involving a given positive ion, and〈u−〉 is the
average total energy of interactions involving a given negative ion.

(ii) Write 〈u+〉 in terms of the following conditional averages: (a) the average density〈ρ+(r)〉+ of
positive ions at positionr when a tagged positive ion is fixed at the origin, and (b) the average density
〈ρ−(r)〉+ of negative ions at positionr when a tagged positive ion is fixed at the origin. Write〈u−〉
in terms of the similarly defined quantities〈ρ−(r)〉− and〈ρ+(r)〉−.

(iii) The effects of fixing a tagged ion at the origin should benegligible at sufficiently large distance.
In other words, we expect that〈ρ+(r)〉+ = ρ̄+, and〈ρ−(r)〉+ = ρ̄−, etc. forr larger than some
microscopic distanceℓ. From this expectation, calculate〈u+〉far, i.e., the contribution to〈u+〉 from
pairs of ions separated by distances greater thanℓ. Calculate〈u−〉far as well. (In evaluating the
integral

∫

r>ℓ
dr r−1, you need not worry about the specific geometry of the system;just determine

the dependence on volumeV . In other words, just figure out the exponentα in
∫

r>ℓ
dr r−1 = c V α,

wherec is a constant.)

(iv) Assemble your results to calculate the long-range contribution to the average energy density,
〈U〉far/V . Your answer should be troubling, unless the densitiesρ̄+ andρ̄− are identical. Explain.

(v) In view of these results, explain why macroscopic systems must be electrically neutral. (You
might find it entertaining to estimate just how differentρ̄+ and ρ̄− can be without generating gross
instabilities.)

3. Consider another variation on the Ising model, one that features both ferromagnetic interactions (fa-
voring alignment of two spins) and antiferromagnetic interactions (favoring anti-alignment of two
spins). In our model, these contributions will depend very differently on the distance between two
spins. Specifically,

U({si}) = −J
∑

<ij>

sisj + Q
′

∑

i,j

sisj

rij

, (2)

where
∑

<ij> indicates a sum over distinct nearest neighbor pairs, and
∑′

i,j denotes a sum overall
distinct non-self pairs (i.e., all pairs other thani = j). The constantsJ andQ are both positive. Put
simply, ferromagnetic interactions are short-ranged, while antiferromagnetic interactions are long-
ranged. It would be useful, before proceeding, to think about the kinds of ordered states that might
emerge in such a model.

(i) Our mean field analysis of the standard Ising model focused on spatially uniform ordered states,
in which all spins bear the same average value (〈s1〉 = 〈s2〉 = 〈s3〉 = . . .). In view of your results
from the previous problem, explain why such ordered states are not viable for the system described
by Eq. 2.

(ii) A more appropriate mean field theory for this model assumes instead that the average environment
of a tagged spin has some spatial variation. The energy of a tagged spinsi in this approach is

uMF(si) = −J
∑

<j>

si〈sj〉 + Q
′

∑

j

si〈sj〉

rij

(3)

where the sums have the same meaning as in Eq. 2 but isolate terms involvingsi. Take the average
magnetization to be oscillatory in thex-direction,〈sj〉 = m cos(kxj), with a wavelength2π/k. For
what wavelength2π/k∗ will the mean field energy in Eq. 3 be most favorable? The following results
should be useful:

∑

<j>

cos(kxj) ≈ Z − k2,

′
∑

j
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rij

≈
4π

k2
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whereZ is the number of nearest neighbors of each lattice site.

(iii) Rationalize the dependence ofk∗ onJ andQ.

(iv) Complete the mean field analysis withk = k∗. (Most of it will proceed just as for the standard
Ising model.) In particular, identify the critical temperatureTc below which spatially varying ordered
states are stable. Is it raised or lowered by the introduction of antiferromagnetic coupling? Explain.
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