
Statistical Mechanics Exercises, Part 1

1. Imagine flipping an unbiased coinN times. LetNH be the number of heads results, andf = NH/N
be the fraction of such results.

(i) What is the probability of observing a particular sequence of heads (H) and tails (T) results, e.g.,
H T T T T H H T T H H T H... ?

(ii) How many possible flip sequences yield exactlyNH heads results? Your answer should involve
the factorial function,M ! ≡ M × (M − 1) × (M − 2) × . . . × 3 × 2 × 1.

(iii) Write an exact equation for the probabilityP (NH) of observingNH heads results when the coin
is flippedN times.

(iv) Stirling’s approximation,

ln M ! ≈ M ln M − M for largeM,

allows you to simplify your result in part (iii). Show thatP (NH) can be written in the form

P (NH) = e−NI(f)

whenN is sufficiently large to justify Stirling’s approximation.Identify and plotI(f).

(v) Now imagine the physical scenario ofN ≫ 1 noninteracting spin-1/2 particles. What is the
probability of observing a numberNup of up spins in a given observation? Write your answer in
terms of the fractionf = Nup/N .

(vi) Although Nup = N/2 is the most likely observation, a typical measurement will not observe
exactly half the spins pointing up. For Avagadro’s number of spins,N = 1023, estimate the relative
probability of a small deviationǫ = 0.0000001 from the ideal fraction, i.e.,P (f = 0.5 + ǫ)/P (f =
0.5). Your numerical answer need not be highly accurate; just estimate the order of magnitude (i.e.,
Taylor expansion ofln P aboutǫ = 0 is both permitted and a good idea).

(vii) What does your result imply about the reproducibilityof measurements on macroscopic systems?

2. In lecture, we examined a Gaussian field theory for densityfluctuations in a liquid. We considered in
particular the effective energy function

βU [ρ(r)] =
1

2

∫

dr

∫

dr′ δρ(r) χ−1(r − r
′) δρ(r′),

whereδρ(r) ≡ ρ(r) − ρ̄ denotes fluctuations about the bulk densityρ̄. The notationχ−1(r) suggests
a connection with the density correlation function,

χ(r) = ρ̄ δ(r) + ρ̄2[g(r) − 1],

but we have not yet made the connection explicit.

(i) RewriteβU [ρ(r)] in terms of the Fourier components of the fluctuating densityfield

δ̂ρ(k) =

∫

dr δρ(r)eik·r.

Your answer should involve the squared complex modulus|δ̂ρ(k)|2 = δ̂ρ(k)[δ̂ρ(k)]∗ = δ̂ρ(k)δ̂ρ(−k),
as well as the Fourier transform̂χ−1(k) of the functionχ−1(r).
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(ii) Your answer to part (i) should also involve an integral overk, which we will now replace by a sum
over discretek values for simplicity:

∫

dk

(2π)3
→

1

V

∑

k

,

whereV is the system’s volume (which determines the set of wavevectors in the summation – you
need not pay close attention to the allowed values ofk).

This operation should reveal that different Fourier modes,i.e., δ̂ρ(k) and δ̂ρ(k′) with k 6= k
′, are

statistically independent. (We will treatk and−k as referring to the same mode. If we wanted to be
careful about this, we could writêδρ(k) in terms of its real and imaginary parts and limit our attention
to half of reciprocal space.) Each mode is thus in effect a simple harmonic oscillator, so〈|δ̂ρ(k)|2〉 is
easy to calculate. Do so.

(iii) Show that the inverse Fourier transform of the correlation function you just computed is directly
related toχ,

〈|δ̂ρ(k)|2〉 = V χ̂(k).

The uniqueness of Fourier transforms now allows you to writea simple and direct connection between
χ̂−1(k) andχ̂(k), namely,

χ̂−1(k)χ̂(k) = 1. (1)

(iv) Show that Eq. 1 implies the connection in real space
∫

dr′′ χ−1(r − r
′′)χ(r′′ − r

′) = δ(r − r
′).

Comment on the similarity between this relationship and thefamiliar operation of matrix inversion.

3. We will next use results from problem 2 to develop a theory for a system of charged particles.

(i) Our first task is to construct an appropriate form forχ−1(r). Let’s start by establishing expectations
for the simplest fluid, specifically an ideal gas. For a collection of noninteracting particles, what is
g(r)? Explain your answer and plot the result.

(ii) From the definition ofχ(r) and your answer to part (i), determineχ−1
ideal(r).

(iii) Let u(r) be the potential energy of interaction between two particles separated by a distancer.
Show that the potential energy of a given configuration can bewritten

U [ρ(r)] =
1

2

∫

dr

∫

dr′ ρ(r) u(|r − r
′|) ρ(r′),

where we have assumed that self-interaction is not an important consideration.

(iv) The simplest (but not necessarily the best) way to add interactions to our ideal gas result is to add
the energy you just calculated toχ−1

ideal(r):

χ−1(r − r
′) ≈ χ−1

ideal(r − r
′) + βu(|r − r

′|)

For this model, calculatêχ(k) in terms of the Fourier transform̂u(k) of the interaction potential.
Write your answer in the form

χ̂(k) = ρ̄ + ρ̄2ĥ(k),

and identifyĥ(k).
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(v) Now consider the specific case of a system comprising ionsof chargeq that interact through the
Coulomb potential,

u(r) =
q2

ǫr
,

(A macroscopic system of identical ions must of course be accompanied by counterions. The influence
of these counterbalancing particles is implicit in our treatment. You do not need to explain how, but
you might find it interesting to think about.) By including the dielectric constantǫ, we have allowed
for the possibility that interactions are mediated by a solvent.

For this system, computêχ−1(k) andχ̂(k), and show that

ρ̄ĥ(k) =
1

1 + k2λ2
.

Identify the length scaleλ in terms of temperature,̄ρ, q, andǫ.

(vi) By inverting the Fourier transform̂h(k), calculate the radial distribution functiong(r). You
should find it useful to note that

F

[

e−ar

r

]

=
4π

k2 + a2

(vii) Plot g(r) and offer a physical explanation for its form.
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